Abstract. We prove the existence of an infinite discrete set of transmission eigenvalues corresponding to the scattering problem for isotropic and anisotropic inhomogeneous media for both the Helmholtz and Maxwell's equations. Our discussion includes the case of the interior transmission problem for an inhomogeneous medium with cavities, i.e. subregions with contrast zero.
1. Introduction. The interior transmission problem arises in inverse scattering theory for inhomogeneous media. It is a boundary value problem for a set of equations defined in a bounded domain coinciding with the support of the scattering object. Of particular interest is the spectrum associated with this boundary value problem, more specifically the existence of eigenvalues which are called transmission eigenvalues. On one hand, in the context of sampling methods for reconstructing the support of the scatterer [2] , [17] , one needs to avoid those frequencies that correspond to transmission eigenvalues, and hence it is important to know that the transmission eigenvalues form a discrete set. On the other hand, one can use transmission eigenvalues to obtain information about physical properties of the scattering object [1] , [4] , [6] and therefore it is important to know whether they exist and to understand their connection with the index of refraction. This application is based on the recent results in [3] which justify the numerical observation that transmission eigenvalues can be computed from the far field data. Either way, the investigation of the spectral properties of the interior transmission problem has become an interesting question in inverse scattering theory.
The interior transmission problem was first introduced in [12] in connection with an inverse scattering problem for acoustic waves. Roughly speaking, two main approaches are available in the study of the well-posedness of the interior transmission problem, namely integral equation methods [10] , [15] , and variational methods [5] , [6] , [8] , [14] . Until recently the only known result on transmission eigenvalues was the fact that they form at most a discrete set with infinity as the only possible accumulation point. The first result about the existence of transmission eigenvalues was announced in [18] for the case of the reduced wave equation in an isotropic inhomogeneous medium where it was shown that there exist a finite number of transmission eigenvalues provided that the index of refraction is large enough. This paper was soon followed by [9] , [16] where the same result was proven for anisotropic media and Maxwell's equations. Subsequently the difficult case of a medium with cavities, i.e. regions with zero contrast, was investigated in [5] . We refer the reader to [13] for a comprehensive review on the interior transmission problem. Further progress on the question of the existence of transmission eigenvalues was recently made in [7] where the assumption on the size of the index of refraction was removed and for the case of medium with constant index of refraction it was proven that there exists an infinite discrete set of transmission eigenvalues.
In this paper we will extend the ideas of [7] to show that there exist an infinite discrete set of transmission eigenvalues for inhomogeneous isotropic and anisotropic media for both the Helmholtz and Maxwell's equations including the case of media with cavities. The only assumption we impose is that the index of refraction is less than or greater than the index of refraction of the background medium. Our proof employees the analytic framework developed in [6] and [9] and makes use of transmission eigenvalues for balls with constant index of refraction first used in [7] . We will also provide lower and upper bounds for the first transmission eigenvalue.
The plan of our paper is as follows. Having set up the analytic framework, we first show the existence of infinitely many transmission eigenvalues and obtain lower and upper bounds for the first transmission eigenvalue for the case of isotropic inhomogeneous media for the Helmholtz equation. Then in Section 2.3 we provide similar results for the case of anisotropic media for both the Helmholtz and Maxwell's equations. Finally we discuss the case of media with voids, i.e. media with subregions having zero contrast, for which we also prove the existence of infinitely many transmission eigenvalues. Of potential use in non-destructive testing [1] is a new upper bound for the first transmission eigenvalue provided by our analysis.
Although the results of this paper provide an important step forward in understanding the spectral properties of the interior transmission problem, many questions still remain. We think that some interesting open problems in this direction are the existence of transmission eigenvalues for the case of media with contrast partly positive and partly negative, the existence of complex transmission eigenvalues and the completeness of the eigensystem of the interior transmission problem.
2. The existence of an infinite set of transmission eigenvalues. We consider the interior transmission eigenvalue problem corresponding to the scattering problem for inhomogeneous isotropic and anisotropic media for the Helmholtz equation as well as for Maxwell's equations. Our goal is to prove the existence of infinitely many transmission eigenvalues and provide some estimates for these transmission eigenvalues. Throughout this section,
, is a bounded simply connected region with piece-wise smooth boundary ∂D and ν denotes the outward unit normal vector to ∂D.
2.1. Abstract analytic framework. The interior transmission eigenvalue problems we discuss in this paper can be described by the following abstract analytic framework which is introduced in [9] . In particular, let U be a separable Hilbert space with scalar product (·, ·), A be a bounded, positive definite and self-adjoint operator on U and let B be a non negative, self-adjoint and compact bounded linear operator on U . Then there exists an increasing sequence of positive real numbers (λ j ) j≥1 and a sequence (u j ) j≥1 of elements of U such that Au j = λ j Bu j . The sequence (u j ) j≥1 forms a basis of (A ker(B)) ⊥ and if ker(B) ⊥ has infinite dimension then λ j → +∞ as j → ∞ (see Theorem 2.1 in [9] ). Furthermore, these eigenvalues satisfy a min-max principle (see Corollary 2.1 [9] ), namely
where U j denotes the set of all j dimensional subspaces W of U such that W ∩ker(B) = {0}. These eigenvalues can be ordered in increasing order, i.e. λ 1 ≤ λ 2 ≤ . . . .
Let τ −→ A τ be a continuous mapping from ]0, ∞[ to the set of self-adjoint and positive definite bounded linear operators on U and consider the generalized eigenvalue problem
Obviously from (2.1) we have that λ j for every j ∈ N is a continuous function of τ in ]0, ∞[. The following theorem provides the fundamental tool in proving the existence of transmission eigenvalues. Theorem 2.1. Let τ −→ A τ be a continuous mapping from ]0, ∞[ to the set of self-adjoint and positive definite bounded linear operators on U and let B be a selfadjoint and non negative compact bounded linear operator on U . We assume that there exists two positive constant τ 0 > 0 and τ 1 > 0 such that 1. A τ0 − τ 0 B is positive on U , 2. A τ1 − τ 1 B is non positive on a m dimensional subspace of U . Then each of the equations λ j (τ ) = τ for j = 1, . . . , m, has at least one solution in [τ 0 , τ 1 ] where λ j (τ ) is the j th eigenvalue (counting multiplicity) of A τ with respect to
Proof. First we can deduce from (2.1) that for all j ≥ 1, λ j (τ ) is a continuous function of τ . Assumption 1. shows that λ j (τ 0 ) > τ 0 for all j ≥ 1. Assumption 2. implies in particular that W k ∩ ker(B) = {0}. Hence, another application of (2.1) implies that λ j (τ 1 ) ≤ τ 1 for 1 ≤ j ≤ k. The desired result is then obtained by applying the intermediate value theorem.
2.2. The scalar isotropic media. The interior transmission eigenvalue problem corresponding to the scattering problem for an isotropic inhomogenous medium in R d , d = 2, 3 reads:
where
Here we assume that for some constant α the positive real valued function n is such that n(x) > α > 0 almost everywhere in D, n ∈ L ∞ (D) and 1/|n − 1| ∈ L ∞ (D). Note that these assumptions are relevant from physical point of view (see the last section for the case of media with voids, i.e. where n = 1 in parts of D). Remark 2.1. Based on the analytic Fredholm theory, it is well known that the set of transmission eigenvalues is at most discrete with +∞ as the only possible accumulation point [11] , [15] and [20] . The goal of this paper is to prove that indeed there exist infinitely many transmission eigenvalues.
It is possible to write (2.3)-(2.6) as an equivalent eigenvalue problem for u = w − v ∈ H 2 0 (D) for the following fourth order equation
which in variational form is formulated as finding a function u ∈ H 2 0 (D) such that
Following [9] we set τ := k 2 and define the following bounded sesquilinear forms on
where (· , ·) D denotes the L 2 (D) inner product. Using the Riesz representation theorem we now define the bounded linear operators A τ :
In terms of these operators we can rewrite (2.8) as
In order to analyze (2.13), we recall the following results from [9] about the properties of the involved operators. To this end, let λ 1 (D) be the first Dirichlet eigenvalue for 
1−n(x) > γ > 0 for some constant γ > 0 and for almost all x ∈ D, then
Proof. For the reader's convenience we show here only the proof for the case of
(2.14)
, using the Poincaré inequality we have that
and hence we obtain
Hence A τ − τ B is positive as long as τ < γ − 
sup D (n) . Obviously, A τ andÃ τ depend continuously on τ ∈ (0, +∞). From the above discussion, k > 0 is a transmission eigenvalue if for τ = k 2 the kernel of the operator
In order to analyze the kernel of these operators we consider the auxiliary eigenvalue problems
Thus a transmission eigenvalue k > 0 is such that τ := k 2 solves λ(τ ) − τ = 0 where λ(τ ) is an eigenvalue corresponding to (2.16) or (2.17) in the respective cases. Our goal is now to use Theorem 2.1 to prove the existence of an infinite set of transmission eigenvalues.
Remark 2.2. The multiplicity of transmission eigenvalues is finite since if k 0 is a transmission eigenvalue then the kernel of
where τ 0 := k 2 0 is finite since the operators
(if n/(1−n) > γ > 0) are compact and self-adjoint [19] .
where dE λ is the spectral measure associated with the positive operator A.)
Now let us consider the interior transmission problem corresponding to a ball B R of radius R centered at zero with constant index of refraction n 0 > 0 such that n 0 = 1, i.e.
By a separation of variables technique, it is possible to show [13] (see also [11] ) that (2.18)-(2.21) has a countable discrete set of eigenvalues. Let k R,n0 be the first transmission eigenvalue corresponding to B R and n 0 . Typically, this k R,n0 is the first zero of
where J 0 is the Bessel functions of order zero, and
where j 0 is the spherical Bessel function of order 0 (if the first zero of the above determinants is not the first transmission eigenvalue, the latter will be a zero of a similar determinant corresponding to higher order Bessel functions or spherical Bessel functions). Let v B R ,n0 and w B R ,n0 be a non zero solution of (2.18)-(2.21) corresponding to k R,n0 , and denote by u B R ,n0 := w B R ,n − v B R ,n the corresponding eigenfunction. We have that u B R ,n0 ∈ H 2 0 (B R ) and
In the following we denote by n * = inf D (n) and n * = sup D (n).
satisfy either one of the following assumptions: Proof. First we note that using the analytic Fredholm theory it can be shown [11] , [13] , [20] that, under assumption 1) or 2), the set of transmission eigenvalues is at most discrete with +∞ as the only possible accumulation point. In the following we show that there exist an infinite countable set of transmission eigenvalues. First let us suppose that assumption 1) holds. This assumption also implies that
Therefore, from Lemma 2.3, A τ and B defined by (2.12) satisfy the requirement of Theorem 2.1 with U = H 2 0 (D) and from Lemma 2.4 they also satisfy the assumption 1) of Theorem 2.1 with τ 0 ≤ λ 1 (D)/n * . Next let k 1,n * be the first transmission eigenvalue for the ball B of radius R = 1 and n 0 := n * . This transmission eigenvalue is the first zero of (2.22) in R 2 or (2.23) in R 3 for R := 1 and n 0 := n * (or possibly similar determinants for higher order Bessel functions). By a scaling argument, it is obvious that k ,n * := k 1,n * / is the first transmission eigenvalue corresponding to the ball of radius > 0 with index of refraction n * . Now take > 
.., m satisfies (2.25) and they have disjoint supports, we have that for τ 1 := k 2 ,n * and for everyũ ∈ U
This means that assumption 2) of Theorem 2.1 is also satisfied and therefore we can conclude that there are m( ) transmission eigenvalues (counting multiplicity) inside [τ 0 , k ,n * ]. Note that m( ) and k ,n * both go to +∞ as → 0. Since the multiplicity of each eigenvalue is finite we have shown, by letting → 0, that there exists a infinite countable set of transmission eigenvalues that accumulate at ∞. If the index of refraction is such that the assumption 2) holds, then we have that
and therefore according to Lemma 2.3 and Lemma 2.4,Ã τ and B, τ > 0 satisfy the requirements and assumption 1) of Theorem 2.1 with
. In this case we can estimate
The rest of the proof for checking the validity of assumption 2) of Theorem 2.1 goes exactly in the same way as for the previous case if one replaces n * by n * .
Remark 2.3. The argument in the proof of the Theorem 2.5 can be carried through if k R,n0 is any transmission eigenvalue corresponding to (2.18)-(2.21).
Remark 2.4. From the proof of Theorem 2.5 it follows that for every j ∈ N the equation λ j (τ ) − τ = 0 has at least one solution, where λ j (τ ) is the j-th eigenvalue of the auxiliary eigenvalue problem (2.16) or (2.17).
Using Theorem 2.5 we can now obtain the following estimates for transmission eigenvalues. We call B r1 the largest ball of radius r 1 such that B r1 ⊂ D and B r2 the smallest ball of radius r 2 such that D ⊂ B r2 . For a given 0 < ≤ r 1 let m( ) ∈ N be the number of balls B of radius that are contained in D. We denote by k 1,n * and k 1,n * the first transmission eigenvalue corresponding to the ball B 1 of radius one with the index of refraction n * and n * , respectively.
There are at least m( ) transmission eigenvalues in the interval
There are at least m( ) transmission eigenvalues in the interval k1,n * r2 , k 1,n * .
Here k 1,D,n(x) is the first transmission eigenvalue corresponding to D and the given index of refraction n(x).
Proof. The upper bounds in (2.29) and (2.30) are a consequence of Theorem 2.5. Next assume first that 1 + α ≤ n * ≤ n(x) ≤ n * < ∞. Then obviously for any u ∈ H 2 0 (D) we have
Therefore from (2.1) we have that for an arbitrary τ > 0
where λ 1 (τ, D, n * ), λ 1 (τ, D, n(x)) and λ 1 (τ, D, n * ) are the first eigenvalue of the auxiliary problem for D and n * , n(x) and n * , respectively, whereas λ 1 (τ, B r2 , n * ) and λ 1 (τ, B r1 , n * ) are the first eigenvalue of the auxiliary problem for B r2 , n * and B r1 , n * , respectively. Now for τ 1 := k 1,n * /r 1 , B r1 ⊂ D, from the proof of Theorem 2.5 we have that λ 1 (τ, D, n(x)) − τ ≤ 0. On the other hand, for τ 0 := k 1,n * /r 2 , D ⊂ B r2 , we have λ 1 (τ 0 , B r2 , n * ) − τ 0 = 0 and hence λ 1 (τ 0 , D, n(x)) − τ 0 ≥ 0. Therefore the first eigenvalue k 1,D,n(x) corresponding to D and n(x) is between k 1,n * /r 2 and k 1,n * /r 1 . Note that there is no transmission eigenvalue for D and n(x) that is less then k 1,n * /r 2 . Indeed if there is a transmission eigenvalue strictly less then k 1,n * /r 2 then by the monotonocity of the eigenvalues of the auxiliary problem with respect to the domain and the fact that for τ small enough there are no transmission eigenvalues we would have found an eigenvalue of the ball B r2 and n * that is strictly smaller then the first eigenvalue. The case for 0 < n * ≤ n(x) ≤ n * < 1 − β can be proven in the same way if n * is replaced by n * .
Remark 2.5. From Lemma 2.4 and the above corollary we have that
2.3. The anisotropic inhomogeneous media. We now turn our attention to the interior transmission eigenvalue problem corresponding to the scattering problem for anisotropic media. We consider two problems, namely the interior transmission problem for the anisotropic Maxwell's equations, and the interior transmission problem for the anisotropic scalar equation. In the following we show that these eigenvalue problems can be analyzed in the same way as the problem discussed in Section 2.2. Problem 1: Anisotropic Maxwell's equations: Let D ⊂ R 3 satisfy the assumptions stated at the beginning of Section 2. In terms of electric fields the interior transmission eigenvalue problem for anisotropic Maxwell's equations (where the magnetic permeability is assumed to be scalar and constant) is formulated as the problem of finding two vector valued functions E and E 0 satisfying
where N is a 3 × 3 matrix valued function defined on D with
To properly formulate this eigenvalue problem we consider the Hilbert spaces 
As it is shown in [9] and [14] , (2.33)-(2.36) is equivalent to finding u = E − E 0 ∈ U 0 (D) such that
which in variational form can be written as 
Letting N := A −1 , in terms of new vector valued functions w = A∇w, and v = ∇v the above problem can be written as (see [6] and [9] for details) 
. Similar to the case of Problem 1, (2.44)-(2.47) has an equivalent formulation as a fourth order differential equation for u :
which can be written in the following variational form
We note that (2.38) and (2.49) have the same structure, where the operators (curl curl ) and (∇∇·) together with corresponding traces are interchanged. Definition 2.8. Transmission eigenvalues corresponding to Problem 1 (resp. Problem 2) are the values of k > 0 for which the homogeneous interior transmission problem (2.33)-(2.36) (resp. (2.44)-(2.47)) has nonzero solutions w ∈ L 2 (D) and
). This solution u := w − v is the corresponding eigenfunction.
The fact that the set of transmission eigenvalues is at most discrete with +∞ as the only possible accumulation point for both Problem 1 and Problem 2 is proven in [6] , [8] , [14] and [16] . We now proceed to show that there exist infinitely many transmission eigenvalue. To this end, we notice that both eigenvalue problems (2.38) and (2.49) can be written as an operator equation [14] for more details)
respectively, where (·, ·) D denotes the L 2 (D)-inner product, whereas in the case of Problem 2
respectively. The properties of these operators are studied in [6] , [9] and [14] . Let σ * (x) > 0 and σ * (x) > 0 be the smallest and the largest eigenvalue, respectively, of the positive definite symmetric d × d, d = 2, 3, matrix N . Recall that the largest eigenvalue σ * (x) which coincides with the Euclidean norm N (x) 2 is given by by σ * (x) = sup ξ =1 (ξ · N (x) ξ) and the smallest eigenvalue σ * (x) is given by σ * (x) = inf ξ =1 (ξ · N (x) ξ). In the following we define n * := sup D σ * (x) and n * := inf D σ * (x). Let λ 1 (D) again be the Dirichlet eigenvalue for −∆ in D. The following lemma is proven in [6] , [9] and [14] (see also the proof of Lemma 2.4). 
If N (I − N ) −1 is a bounded positive definite matrix function on D, thenÃ τ is a positive definite operator and
Note that the kernel of B :
whereas the kernel of B :
To carry over the approach of Section 2.2 to eigenvalue problems for anisotropic medium, namely Problem 1 and Problem 2, we also need to consider the corresponding interior transmission eigenvalue problems for a ball with constant index of refraction. To this end, let B R ⊂ R 3 be a ball of radius R centered at the origin and n 0 > 0 a constant different from one. In [11] it is shown, by using separation of variables, that
has a countable discrete set of eigenvalues. Let us denote by k R,n0 the first transmission eigenvalue which as in (2.18)-(2.21) is zero of a determinant similar to (2.23) involving spherical Bessel functions of the variable kR and of order greater or equal to one (see e.g. [11] page 263). Let u B R ,n0 = w B R ,n0 − v B R ,n0 be the eigenfunction corresponding to k R,n0 . We have that u B R ,n0 ∈ U 0 (B R ) and
(2.61) Similarly, for Problem 2, we denote by k R,n0 the first transmission eigenvalue of
where here B R is a two or three dimensional ball of radius R [6] (this problem also has infinitely many eigenvalues). The corresponding eigenfunction u
is a nonzero solution to (2.62)-(2.65). Furthermore we have that The above discussion provides all the necessary ingredients to apply Theorem 2.1 to (2.50) in order to prove the existence of an infinite discrete set of transmission eigenvalues for both Problem 1 and Problem 2. The following theorem can now be proven exactly in the same way as Theorem 2.5.
, satisfies either one of the following assumptions:
d such that ξ = 1 and some constants α > 0 and β > 0. Then both Problem 1 and Problem 2 have an infinite countable set of transmission eigenvalues with +∞ as the only accumulation point.
Theorem 2.10 and the tools developed in this section also enable us to prove similar results as in Corollary 2.6 for the transmission eigenvalues corresponding to anisotropic media.
To this end, let again B r1 be the largest ball of radius r 1 such that B r1 ⊂ D and B r2 be the smallest ball of radius r 2 such that D ⊂ B r2 . For a given 0 < ≤ r 2 let m( ) ∈ N be the number of balls B of radius that are contained in D. We denote by k 1,n * and k 1,n * the first transmission eigenvalue of either (2.57)-(2.60) or (2.62)-(2.65) for the ball B 1 of radius one with index of refraction n * and n * , respectively. Following exactly the lines of the proof of Corollary 2.6, we can obtain the following estimates for the first transmission eigenvalue corresponding to anisotropic media.
, and let k 1,D,N (x) be the first transmission eigenvalue for either Problem 1 (2.33)-(2.36) or Problem 2 (2.44)-(2.47).
1) If 1 + α ≤ n * ≤ (ξ · N (x) ξ) ≤ n * < ∞ for every ξ ∈ C d such that ξ = 1, and some constant α > 0, then
Both, Problem 1 and Problem 2 have at least m( ) transmission eigenvalues in the interval
Remark 2.6. From Lemma 2.9 and the above corollary we have that
3. The case of inhomogeneous media with cavities. Motivated by a recent application of transmission eigenvalues to detect cavities inside dielectric materials [1] , we now want to show that there are infinitely many transmission eigenvalues for the case of an inhomogeneous dielectric media with cavities, i.e. inhomogeneous media D with regions D 0 ⊂ D where the index of refraction is the same as the background medium. More precisely, inside D we consider a region D 0 ⊂ D which can possibly be multiply connected such that R d \ D 0 , d = 2, 3 is connected and assume that its boundary ∂D 0 is piece-wise smooth. We denote by ν the unit outward normal to ∂D and ∂D 0 . Now we consider the interior transmission eigenvalue problem (2.3)-(2.6) with n ∈ L ∞ (D) a real valued function such that n ≥ c > 0, n = 1 in D 0 and |n−1| ≥ c > 0 almost everywhere in D\D 0 . In particular, 1/|n−1| ∈ L ∞ (D\D 0 ). The interior transmission problem for inhomogeneous medium with cavities is investigated in [5] . To prove our result we need to recall the analytic framework developed in [5] . To this end we introduce the Hilbert space
equipped with the H 2 (D) scalar product and look for the solution v and w both in
It is shown in [5] that (2.3)-(2.6), with n satisfying the above assumptions, can be written in variational form as
which is required to be valid for all ψ ∈ V 0 (D, D 0 , k). Definition 3.1. Values of k > 0 for which (3.1) has nontrivial solutions u ∈ V 0 (D, D 0 , k) are called transmission eigenvalues. These nontrivial solutions are called corresponding eigenfunctions.
It is important to note that, as is discussed in [5] , if k 2 is not both a Dirichlet and a Neumann eigenvalue for −∆ in D 0 then Definition 3.1 of transmission eigenvalues is equivalent to the existence of a nontrivial weak solution to (2.3)-(2.6). However if for some k there exists a nontrivial solution to (2.3)-(2.6) then k is a transmission eigenvalue according to Definition 3.1.
Next let us define the following bounded sesquilinear forms on 
, k) and B k be the selfadjoint operators associated with A and B k , respectively, by using the Riesz representation theorem. In [5] it is shown that the operator is also bounded, positive definite and self-adjoint. Thus we have that (2.48) is equivalent to finding u ∈ V 0 (D, D 0 , k) such that
In particular, it is obvious that k is a transmission eigenvalue if and only if the operator
has a nontrivial kernel where I k is the identity operator on V 0 (D, D 0 , k). To avoid dealing with function spaces depending on k we introduce the orthogonal projection oprator
then by taking the inner product of the latter with the component w = u − P k u which is orthogonal to P k u, we have that
now implies the injectivity of (3.7) since the component
The converse is obvious. Furthermore as is discussed in [5] ,
P k is continuous. Therefore, from the max-min principle for the eigenvalues λ(k) of the compact and self-adjoint operator
is a continuous function of k. Finally, it is clear that the multiplicity of a transmission eigenvalue is finite since it corresponds to the multiplicity of the eigenvalue λ(k) = −1 [19] . We note that using the analytic Fredholm theory in [5] it is shown that the set of transmission eigenvalue is discrete with +∞ the only accumulation point. The proof of the existence of an infinite set of transmission eigenvalues is based on the following theorem which is proven in [5] (see also [18] ). This theorem is a modified version of Theorem 2.1 and the proof is based on the max-min principle for λ(k) and the continuity of λ(k) on k. In the following we set n * := inf D\D0 (n) and n * := sup D\D0 (n). Recall that we denote by λ 1 (D) the first Dirichlet eigenvalue for −∆ on D.
Theorem 3.3. Let n ∈ L ∞ (D), n = 1 in D 0 satisfy either one of the following assumptions:
for some constants α > 0 and β > 0. Then there exist an infinite set of transmission eigenvalues with +∞ as the only accumulation point.
Proof. First we assume that the assumption 1) holds in which case we have
We note that
Hence, combining the terms in (3.1) in a different way,
For n * = sup D\D0 n > 1, if the sum of the last four terms in (3.9) is nonnegative then we have A k + B k is positive. Hence we have
Therefore all κ 0 > 0 such that κ ..m and B j ∩ B i = ∅ for j = i. Let k ,n * := k 1,n * / be the first transmission eigenvalue for each of these balls with index of refraction n * where k 1,n * is the first transmission eigenvalue for the ball B 1 of radius one with index of refraction n * (i.e. the firsts eigenvalue corresponding to (2.18-(2.21) with R := 1 and n 0 := n * ). Denote by u This means that assumption 2) of Theorem 3.2 is also satisfied and therefore there are m( ) transmission eigenvalues (counting multiplicity) inside [κ 0 , k ,n * ]. Note that m( ) and k ,n * both go to +∞ as → 0. Since the multiplicity of each eigenvalue is finite we have shown that there exists a infinite countable set of transmission eigenvalues that accumulate at +∞. Now assume that the assumption 2) holds. Similarly to the previous case, from the definition (3.2) and (3. 
Therefore, κ 0 > 0 such that κ 2 0 ≤ λ 1 (D) satisfies assumption 1) of Theorem 3.2. The rest of the proof can be done exactly in the same way as for the first part where n * is replaced by n * . Finally, we rewrite the main result of Theorem 3.3 in the following corollary. To this end, we call B r1 the largest ball of radius r 1 such that B r1 ⊂ D \ D 0 . For a given 0 < ≤ r 2 , let m( ) ∈ N be the number of disjoint balls B of radius that are contained in D \ D 0 . We denote by k 1,n * and k 1,n * the first transmission eigenvalue for the ball B 1 of radius one with index of refraction n * and n * respectively (i.e. the first eigenvalue corresponding to (2.18)-(2.21) with R := 1 and n 0 := n * and n 0 := n * , respectively). Finally let λ 1 (D) be the first Dirichlet eigenvalue for −∆ in D. There are at least m( ) transmission eigenvalues in the interval λ 1 (D), k 1,n * .
Alternative lower bounds for the first transmission eigenvalue that involve the geometry of D 0 can be found in [5] .
